Abstract. The well known "associativity property" of the crossed product by a semi-direct product of discrete groups is generalized into the context of discrete quantum groups. This decomposition allows to define an appropriate triangulated functor in such a way that if F :" Γα G is a quantum semi-direct product where Γ is a discrete group and G is a compact quantum group, then we prove that the (quantum) BaumConnes property for p F with coefficients in a p F-C˚-algebra A is equivalent to the Baum-Connes property for Γ with coefficients in p Gṙ A and the Baum-Connes property for p G with coefficients in A (under the torsionfreeness assumption). This statement generalizes the result [5] of J. Chabert for a quantum semi-direct product whose dual is torsion-free.
Introduction
The Baum-Connes conjecture has been formulated in 1982 by P. Baum and A. Connes. We still do not know any counter example to the original conjecture but it is known that the one with coefficients is false. For this reason we refer to the Baum-Connes conjecture with coefficients as the Baum-Connes property. The goal of the conjecture was to understand the link between two operator K-groups of different nature that would establish a strong connexion between geometry and topology in a more abstract and general indextheory context. More precisely, if G is a (second countable) locally compact group and A is a (separable) G-C˚-algebra, then the Baum-Connes property for G with coefficients in A claims that the assembly map µ G A : K top pG; Aq ÝÑ K˚pGṙ Aq is an isomorphism, where K top pG; Aq is the equivariant K-homology with to reach all subsequent constructions; therefore our main technical problem is to obtain such associativity in the quantum setting. Namely, we prove that there exists a canonical˚-isomorphism p Fṙ A -Γṙ p p Gṙ Aq for any p F-C˚-algebra A (Theorem 3.2.2). With this aim in mind, it's convenient to analyze the structure of the reduced crossed products by a discrete (quantum) group and, in this sense, we establish an universal property for such a crossed product (Theorem 2.3.1), which will be very useful throughout all the article. This decomposition allows to define a triangulated functor K K p F ÝÑ K K Γ , which translates the Baum-Connes property for p F into the Baum-Connes property for Γ through the transition quantum group p G.
Notice however that, according to the above discussion about the torsion phenomena of quantum groups, we need p F to be torsion-free in order to give a meaning to the quantum Baum-Connes property. In this way, we give a more precise picture of the torsion nature of such a quantum semi-direct product and obtain the natural result that we expect: Γ and p G are torsion-free if and only if p F is torsion-free (Theorem 3.1.2). As a consequence, the torsion-freeness of p F implies that the only finite subgroup of Γ is the trivial one as opposed to the classical case of [5] . A last property of own interest is studied: K-amenability (see Theorem 3.3.1). Namely, we prove that p F is K-amenable if and only if Γ and p G are K-amenable. A crucial observation is done concerning a compact bicrossed product in the sense of [10] . Namely, if F " Γ α ' β G is such a compact quantum group, the torsion-freeness assumption about p F implies that the action β is trivial (Proposition 4.2). Hence F becomes a quantum semi-direct product, for which the stabilization property has already been established.
Finally, we observe that the preceding categorical strategy can be adapted for the study of the stabilization of the Baum-Connes property under other constructions of compact quantum groups. For instance we examine the quantum direct product construction (due to S. Wang [30] ). If F :" GˆH is a direct product of two compact quantum groups, we define a triangulated functor K K
, which allows to establish the Baum-Connes property for p F (with coefficients in tensor products) whenever p G and p H satisfy the strong Baum-Connes property (Theorem 5.2.3). Moreover the usual Baum-Connes property for p F is closely related to the Künneth formula in the analogous way as established in [7] by J. Chabert, S. Echterhoff and H. Oyono-Oyono (Corollary 5.2.4). Again the torsion phenomena and the K-amenability property are studied. We prove that p G and p H are torsion-free if and only if p F is torsion-free (Theorem 5.1.2). We prove that p F is K-amenable if and only if p G and p H are K-amenable (Theorem 5.3.1).
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Preliminary results

Notations
First of all, let us fix the notations we use throughout the whole article.
We denote by BpHq the space of all linear operators of the Hilbert space H and by L A pHq the space of all adjointable operators of the Hilbert A-module H. All our C˚-algebras are supposed to be separables and all our Hilbert modules are supposed to be countably generated. We use systematically the leg and Sweedler notations. We denote by A b the abelian category of abelian groups and by A b Z{2 the abelian category of Z{2-graded groups of A b. The symbol b stands for the minimal tensor product of C˚-algebras, the exterior/interior tensor product of Hilbert modules depending on the context. The symbol b max. stands for the maximal tensor product of C˚-algebras. If M and N are two R-modules for some ring R, the symbol d stands for their algebraic tensor product over R, and we write M d R N . If S, A are C˚-algebras, we denote by M pAq the multiplier algebra of A and we put Ă M pAbSq :" tx P M pAbSq | xpid A bSq Ă AbS and pid A bSqx Ă AbSu, which contains M pAq b S.
If H is a finite dimensional Hilbert space, we denote by H its dual or conjugate vector space, so that if tξ 1 , . . . , ξ dimpHq u is an orthonormal basis for H and tω 1 , . . . , ω dimpHq u its dual basis in H, we denote by˚the usual homomorphism between H and H such that ξi " ω i , for all i " 1, . . . , dimpHq.
If G " pCpGq, ∆q is a compact quantum group, the set of all unitary equivalence classes of irreducible unitary finite dimensional representations of G is denoted by IrrpGq. The collection of all finite dimensional unitary representations of G is denoted by ReppGq and the C˚-tensor category of representations of G is denoted by ReppGq. The trivial representation of G is denoted by ǫ. If x P IrrpGq is such a class, we write w x P BpH x q b CpGq for a representative of x and H x for the finite dimensional Hilbert space on which w x acts (we write dimpxq :" n x for the dimension of H x ). The linear span of matrix coefficients of all finite dimensional representations of G is denoted by P olpGq. Given x, y P IrrpGq, the tensor product of x and y is denoted by x j y. Given x P IrrpGq, there exists a unique class of irreducible unitary finite dimensional representation of G denoted by x such that M orpǫ, xjxq ‰ 0 ‰ M orpǫ, xjxq and it is called contragredient or conjugate representation of x. In this way, there exists an antilinear isomorphism J x : H x ÝÑ H x . We define the operator Q x :" Jx J x , which is an invertible positive self-adjoint operator unique up to multiplication of a real number. We choose this number such that J x is normalized meaning that T rpJx J x q " T rppJx J x q´1q. Thus, the quantum dimension of a class x P IrrpGq is defined by dim q pxq " T rpQ x q. [31] . If H is another compact quantum group such that p H ă p G is a discrete quantum subgroup, then we define an equivalence relation in IrrpGq in the following way: x, y P IrrpGq, x " y ô there exists an irreducible representation z P IrrpHq such that y j x Ą z. We say that p H is divisible in p G if for each α P" zIrrpGq there exists a representation l α P α such that s j l α is irreducible for all s P IrrpHq. This is equivalent to say that for each α P IrrpGq{ " there exists a representation r α P α such that r α j s is irreducible for all s P IrrpHq. The trivial quantum subgroup of p G is denoted by E. If p H ă p G is a discrete quantum subgroup, we denote by E H : C r pGq ÝÑ C r pHq the canonical faithful conditional expectation, which sends P olpGq to P olpHq and which is such that pid b E H qpw x q " w x if x P IrrpHq and 0 otherwise. 
We use systematically the well known one-to-one correspondence between unitary representations U P M pc 0 p p GqbCq and non-degenerate˚-homomorphisms φ U : C m pGq ÝÑ M pCq which is such that φ U pw x i,j q :" U x i,j for all x P IrrpGq and all i, j " 1, . . . , n x . If u P ReppGq is any finite dimensional unitary representation of G, then we can define α u paq P BpH u q b A and U u P BpH u q b C using the decomposition of u into direct sum of irreducible representations.
Let pA, δq be a right G-C˚-algebra; the fixed points space of A is denoted by A δ and we say that δ is a torsion action if δ is ergodic and A is finite dimensional (hence unital). Given an irreducible representation x P IrrpGq, we put
qu and use systematically the natural identification
The corresponding x-spectral subspace of A is denoted by A x so that the corresponding Podleś subalgebra of A is denoted by A G . By abuse of language, both K x and M orpx, δq are called spectral subspaces as well. Finally, from the general theory of spectral subspaces (see [9] for the details) we recall that each x-spectral subspace A x is finite dimensional with dimpA x q ď dim q pxq whenever δ is ergodic; and that there always exists a conditional expectation E δ : A ÝÑ A δ which is faithful on A G so that we have the following
For our purposes it's convenient to introduce the following operations in A G : given irreducible representations of G, say x, y, z P IrrpGq, we define the following element
are the corresponding legs of X and
, where the legs of the right hand side of the identity are considered in H xjy b A b CpGq. Hence, the decomposition of x j y into direct sum of irreducible representations, say tz k u k"1,...,r for some r P N yields that 
, where λ x i P R`is the eigenvalue of Q x associated to the vector ξ x i , for each i " 1, . . . , n x " dimpxq. In this situation, if X P K x written in coordinates under the form
. . , n x , we define the following element
A straightforward computation shows that the association X Þ ÝÑ X # is antilinear and that X # P K x . This element is called spectral conjugate of X.
Remark.
We can do thus the multiplication over Φ x and over Φ x defined above. Namely, the previous constructions show that
Hence, if δ is an ergodic action, X b Φx X # and X # b Φ x X are scalar multiples of 1 A . It will be useful to write down explicit formulas in coordinates for these products:
Concerning these constructions, the following technical observation will help to conclude later on our torsion analysis for a quantum (semi-)direct product. Suppose that for all irreducible representation z P IrrpGq and all intertwiner Φ P M orpz, x j yq we have 
Hence we consider the identity (2.1) above for these intertwiners Φ k for each k " 1, . . . , dim`M orpz, xjyq˘and next we sum over k. We get ř On the other hand, by assumption our action δ is ergodic so that
Using the consequence of our last identity, we get 0 ‰ λ µ " 0; a contradiction.
Fusion rings and strong torsion-freeness
The notion of torsion-freeness for a discrete quantum group was initially introduced by R. Meyer and R. Nest (see [19] and [17] ) as follows. 
Remark.
If p G is a discrete quantum group that has a non-trivial finite discrete quantum subgroup, then p G is not torsion-free because the co-multiplication of such a non-trivial finite discrete quantum group Λ would define an ergodic action of G on CpΛq.
Torsion-freeness is not preserved, in general, by discrete quantum subgroups. Indeed, let G be a compact quantum group such that p G is torsion-free. Then the dual of the free product G˚SU q p2q is torsion-free (because { SU q p2q is torsion-free for all q P p´1, 1qzt0u as it is shown in [29] and torsion-freeness is preserved by free product as it is shown in [1] ). Consider the Lemeux-Tarrago's discrete quantum subgroup x H q ă { G˚SU q p2q which is such that H q is monoïdally equivalent to the free wreath product G ≀˚SǸ (see [15] for more details). It is explained in [16] that the dual of G ≀˚SǸ is never torsion-free. Hence x H q neither (because torsionfreeness is preserved under monoidally equivalence as it is shown in [29] or [25] ). However we can show that torsion-freeness is preserved under divisible discrete quantum subgroups. 
Next, for every x Ă u put x -s x j l yx with s x P IrrpHq and l yx P ry x s, y x P IrrpGq. Consider a unitary intertwiner between x and s x j l yx , say Ψ x P M orpx, s x j l yx q.
We define the following finite dimensional unitary representation of H, On the other hand, we write the following for all a P A
which yields that pϕ b id CpHq qδpaq " Ad v pϕpaqq, for all a P A. This completes the proof.
Conversely, if every divisible discrete quantum group p H ă p G is torsion-free, then p G is torsion-free. For this it is sufficient to observe that p G is divisible in p G, which is obvious.
Recently [1] , Y. Arano and K. De Commer have re-interpreted this notion in terms of fusion rings giving a strong torsion-freeness definition that implies the Meyer-Nest's one. Let us recall briefly the corresponding fusion rings theory (we refer to [1] for all the details and further properties).
Let pI, ½q be an involutive pointed set and J any set. Let pZ I , ', bq be a fusion ring with fusion rules given by the collection of natural numbers tN In this situation, a fusion ring pZ I , ', b, dq is called torsion-free if any based connected co-finite module is isomorphic to the standard based module. In particular, we have
Definition. Let G be a compact quantum group. We say that p G is strong torsion-free if F usp p
Gq is torsion-free.
Remark.
It is known that the strong torsion-freeness doesn't pass to quantum subgroups (see [1] for a counter example). However, we can show (see [1] for a proof) that if G and H are compact quantum groups such that p H ă p G is a divisible discrete quantum subgroup, then p H is strong torsion-free whenever p G is strong torsion-free.
Observe that torsion-freeness of fusion rings is not preserved, in general, by tensor product. More precisely, we have the following result (see [1] 
Quantum crossed products
We recall here the crossed product construction. The next result is well known to specialists. Since we could not find any reference in the literature, we include the complete proof for the reader's convenience.
Theorem-Definition. Let G be a compact quantum group and pA, αq a left p G-C˚-algebra. There exists a unique (up to a canonical isomorphism) C˚-algebra P with a non-degenerate˚-homomorphism
π : A ÝÑ P , a unitary representation U P M pc 0 p p Gq b P q and a non-degenerate completely positive KSGNS-faithful map E : P ÝÑ M pAq such that i) πpaqU u i,j " dimpuq ř k"1 U u i,k πpα x k,j paqq, for all u P ReppGq, all a P A and all i, j " 1, . . . , dimpuq. ii) P " C˚ă πpaqU u i,j : a P A, u P ReppGq, i, j " 1, . . . , dimpuq ą iii) EpπpaqU u i,j q " δ u,ǫ a for all u P IrrpGq and all a P A. iv) For any C˚-algebra Q with a triple pρ, V, E 1 q where ρ : A ÝÑ Q is a non-degenerate˚-homomorphism, V P M pc 0 p p
GqbQq is a unitary representation and E 1 : Q ÝÑ M pAq is a strict completely positive KSGNSfaithful map satisfying the analogous properties piq, piiq and piiiq above, there exists a (necessarily unique)
-
1 is a non-degenerate map and we have E " E 1˝ψ .
The C˚-algebra P constructed in this way is called reduced crossed product of A by p G and is denoted by p Gα ,r
A.
Proof. First of all, notice that the statement is proven once it's proven for any x P IrrpGq. P will be a sub-C˚-algebra of L A pL 2 pGq b Aq. For the non-degenerate˚-homomorphism π we consider the representation of A on L 2 pGq b A "twisting" by the action α. Precisely, take the GNS representation
A straightforward computation yields the following expressions
for all x P IrrpGq and all i, j " 1, . . . , dimpxq.
In this situation, we can check the formula πpaqU
where the equality p1q holds because α is a left action of p G on A and the equality p2q holds because of the definition of the co-multiplication p ∆ of p G in terms of its fundamental unitary (observe that
Thus we define P :" C˚ă πpaqU
To conclude the construction of P as in the statement, we have to define a non-degenerate completely positive KSGNS-faithful map E : P ÝÑ M pAq " L A pAq satisfying the formula EpπpaqU x i,j q " aδ x,ǫ for all x P IrrpGq, all a P A and all i, j " 1, . . . , dimpxq. Namely, let us define the linear map Υ : A ÝÑ L 2 pGq b A by Υpaq :" Ω b a, for all a P A. It is actually an adjointable map between A and L 2 pGq b A whose adjoint is such that Υ˚pλpw
. . , dimpxq and all a P A. Thus EpXq :" Υ˚˝X˝Υ, for all X P P defines a completely positive map from P into M pAq.
We claim that the triple pL 2 pGq b A, id, Υq is the KSGNS construction for E. We only have to prove that L 2 pGq b A " spantP ΥpAqu; but, by construction, it suffices to show that λpw x i,j qΩ b a P P ΥpAq for all a P A, all x P IrrpGq and all i, j " 1, . . . , dimpxq; which is straightforward.
Finally, an easy computation shows that the formula EpπpaqU 
where we use the orthogonality relations (and the definition of the KSGNS construction). Since it is true for all b P B, we conclude the required formula.
Observe that by KSGNS construction, E is just a strict completely positive map (see [14] for the details). But, thanks to the property Epπpaqq " a, for all a P A that we've just proved, it's clear that E is actually a non-degenerate completely positive map as assured in the statement.
Next, let us establish the uniqueness of such a construction. Suppose Q is another C˚-algebra with a triple pρ, V, E 1 q where ρ : A ÝÑ Q is a non degenerate˚-homomorphism, V P M pc 0 p p Gq b Qq is a unitary representation and E 1 : Q ÝÑ M pAq is a strict completely positive KSGNS-faithful map satisfying the analogous properties piq, piiq and piiiq of the triple pπ, U, Eq associated to P . We have to show that there exists a (unique)˚-isomorphism ψ : P ÝÑ Q such that ψpπpaqU
Given the strict completely positive KSGNS-faithful maps E : P ÝÑ M pAq and E 1 : Q ÝÑ M pAq, consider their KSGNS constructions; say pL 2 pGq b A, id, Υq and pK, σ,
If such an operator exists, it must verify the formula U`XΥpbq˘" σpY qΥ 1 pbq, for all X " πpaqU
Actually, a straightforward computation shows that the formula above defines an isometry. Indeed, doing the identification Q -σpQq (by virtue of the faithfulness of the KSGNS construction), let's take X " πpaqU
where it should be noticed that in p1q we use the index notation r :" pi, iq, t :" pk, jq in order to write down properly the coefficients for the tensor product x j x 1 .
Doing again the identification Q -σpQq, we define ψ : P ÝÑ Q X Þ ÝÑ ψpXq :" U˝X˝UI t's clear that ψ is a˚-isomorphism and the formula ψpπpaqU
,j for all x P IrrpGq, all a P A and all i, j " 1, . . . , dimpxq is easily checked.
Moreover, by assumption we have E 1 pρpaqV x i,j q " aδ γ,e for all x P IrrpGq, all a P A and all i, j " 1, . . . , dimpxq and so E 1 pρpaqq " a for all a P A; then it's clear that E 1 is in fact a non-degenerate map. On the other hand, the relation E " E 1˝ψ holds by construction.
Applying the universal property of the preceding theorem, we get B, where C :" A b B is the p F-C˚-algebra with action δ :" α b β. The˚-homomorphism Zpϕq above is nothing but the restriction of
Note. By abuse of notation we denote by α b β the composition
Finally, observe that Zpϕq " id˙ϕ is, by construction, compatible with the elements of the canonical triples in the following sense
for all a P A, all x P IrrpGq and all i, j " 1, . . . , dimpxq. 
B.
Proof. First, recall the definitions of our cones: C ϕ :" tpa, hq P AˆC 0`p 0, 1s, B˘| ϕpaq " hp1qu and
B˘| id˙ϕpXq "hp1qu. Observe that if pA, αq, pB, βq are left p G-C˚-algebras, then pC ϕ , δq is again a left p G-C˚-algebra in the obvious way.
In order to show the canonical˚-isomorphism p Gṙ C ϕ -C id˙ϕ , we are going to show that the C˚-algebra C id˙ϕ satisfies the universal property of the reduced crossed product p Gṙ C ϕ . To do so, we have to define a triple pρ, V , Eq associated to C id˙ϕ in the sense of Theorem 2.3.1
Given the reduced crossed products p Gα
,r
A and p Gβ ,r B, consider the corresponding canonical associated triples pπ α , U α , E α q and pπ β , U β , E β q, respectively; and define the non-degenerate˚-homomorphism ρ : C ϕ ÝÑ C id˙ϕ by ρpa, hq :" pπ α paq, π β˝h q, for all pa, hq P C ϕ ; the unitary representation V P M pc 0 p p Gq b C id˙ϕ q is defined by the non-degenerate˚-homomorphism φ V : C m pGq ÝÑ M pC id˙ϕ q as φ V pcq :"`φ U α pcq¨, φ U β pcq¨˘, for all c P C m pGq and observe that by construction we have V and all i, j " 1, . . . , dimpxq. The strict completely positive KSGNS-faithful map E : C id˙ϕ ÝÑ M pC ϕ q " L Cϕ pC ϕ q is defined by EpX,hq :"`E α pXq¨, E β˝h¨˘, for all pX,hq P C id˙ϕ .
To conclude the proof we have to check the following i) ρpa, hqV
k,j pa, hqq, for all pa, hq P C ϕ , all x P IrrpGq and all i, j " 1, . . . , dimpxq; which is a routine computation.
ii) E is always a KSGNS-faithful map such that Epρpa, hqV x i,j q " pa, hqδ x,ǫ , for all pa, hq P C ϕ , all x P IrrpGq and all i, j " 1, . . . , dimpxq. The formula is straightforward and concerning the KSGNS-faithfulness we are going to exhibit directly the KSGNS-construction for our E : C id˙ϕ ÝÑ M pC ϕ q " L Cϕ pC ϕ q. In order to do so, recall that pL 2 pGq b A, id, Υ α q and pL 2 pGq b B, id, Υ β q are the KSGNS constructions for E α and E β , respectively. First, we need an appropriated Hilbert C ϕ -module. Let's take
where U ϕ is the canonical isometry between L 2 pGq b A b ϕ B and L 2 pGq b B of Remark 2.3.5 above.
Next, consider the adjointable operator Υ : C ϕ ÝÑ H defined by Υpa, hq :"`Υ α paq, Υ β˝h˘, for all pa, hq P C ϕ and the representation σ (faithful, thanks to the faithfulness of the KSGNS constructions of E α and E β ) of C id˙ϕ on H given by σpX,hq :"`X¨,h¨˘, for all pX,hq P C id˙ϕ .
In this way, it's easy to check that the triple pG , σ, Υq with G :" spantσpC id˙ϕ qΥpC ϕ qu is the KSGNS construction of our E and then E is KSGNS-faithful (observe by the way that our E above is defined exactly through Υ by construction).
Observe that we have as well the following result 
The Baum-Connes property for discrete quantum groups
We collect here the main categorical framework for the formulation of the Baum-Connes property for torsionfree discrete quantum groups. We refer to [18] or [12] for a complete presentation of the subject.
Let p G be a discrete quantum group and consider the corresponding equivariant Kasparov category, K K p G , with canonical suspension functor denoted by Σ. The word homomorphism (resp., isomorphism) will mean homomorphism (resp., isomorphism) in the corresponding Kasparov category; it will be a true homomorphism (resp., isomorphism) between C˚-algebras or any Kasparov triple between C˚-algebras (resp., any KKequivalence between C˚-algebras). From now on, in order to formulate the Baum-Connes property for a discrete quantum group, we assume that p G is torsion-free. In that case, consider the usual complementary pair of localizing subcategories in
Denote by pL, N q the canonical triangulated functors associated to this complementary pair. More precisely we have that L p G is defined as the localizing subcategory of K K p G generated by the objects of the form Ind
Gq b C with C any C˚-algebra in the Kasparov category K K and N p G is defined as the localizing subcategory of objects which are isomorphic to 0 in K K .
Finally, consider the homological functor defining the quantum Baum-Connes assembly map for p G,
Aq
The quantum assembly map for p G is given by the natural transformation η More generally, if pT , Σq is any triangulated category and pL T , N T q is a complementary pair of localizing subcategories in T with canonical functors pL, N q, then for all object X P Obj.pT q there exists a distinguished triangle (unique up to isomorphism) of the form ΣpN pXqq ÝÑ LpXq u ÝÑ X ÝÑ N pXq. By abuse of language, the homomorphism u is called Dirac homomorphism for X. Given a functor F : T ÝÑ C , where C is some category, we define LF :" F˝L and η X :" F puq, for all X P Obj.pT q.
To the best knowledge of the author it is open to know if the Baum-Connes property is preserved by quantum subgroups in general. However, we can show that it is preserved by divisible discrete quantum subgroups. Let p H ă p G be any discrete quantum subgroup of p G. We have two relevant functors: restriction, which is obvious, and induction, which has been studied by S. Vaes in [26] in the framework of quantum groups.
It is well-known that restriction and induction are triangulated functors by virtue of the universal property of the Kasparov category. Denote by pL 1 , N 1 q the canonical triangulated functors associated to the complementary pair pL p H , N p H q.
Lemma. Let G, H be two compact quantum groups. If p G is torsion-free and p H ă p G is a divisible discrete quantum subgroup, then the following properties hold. i)
and Res
and Ind 
Consequently, Res
Proof. i) Take a generator Ind
The compatibility of the induction functor with tensor product is described in Theorem 3.6 of [22] by R. Nest and C. Voigt, so that we can write Ind
That is, the tensor product by objects of K K p G preserves the subcategory N p G . Finally, thanks to Proposition 4.9 in [22] we know that the tensor product functor is triangulated. Given any A P Obj.pK K p G q, the tensor product by A of the pL p G , N p G q-triangle associated to C gives rise to a pL p G , N p G q-triangle associated to A, whence the conclusion by uniqueness of these of distinguished triangles. 
it is clear that Res
By virtue of property (i) above and the compatibility of induction functor with tensor products, we write LpInd 
The converse is obvious. The proof is complete.
Remark.
For classical groups it is well-known that the Baum-Connes property is preserved by closed subgroups. It was showed by J. Chabert and S. Echterhoff in [6] . 
plus the quantum Green's Imprimitivity theorem.
To the best knowledge of the author it is open to know if the strong Baum-Connes property is preserved by quantum subgroups in general. However, it is well-known that it is preserved by divisible discrete quantum subgroups (see Lemma 6.7 in [28] for a proof).
Quantum semi-direct product
Let G " pCpGq, ∆q be a compact quantum group and Γ be a discrete group so that Γ is acting on G by quantum automorphisms with action α. In this situation, we can construct the quantum semi-direct product of G by Γ and it is denoted by F :" Γα G, where
C m pGq (see [30] for more details). By definition of the crossed product by a discrete group we have a unital faithful˚-homomorphism π : C m pGq ÝÑ CpFq and a group homomorphism u : Γ ÝÑ UpCpFqq defined by u γ :" λ γ b id CmpGq , for all γ P Γ such that CpFq " Γ˙α ,m C m pGq " C˚ă πpaqu γ : a P C m pGq, γ P Γ ą. The co-multiplication Θ of F is such that Θ˝π " pπ b πq˝∆ and Θpu γ q " u γ b u γ , for all γ P Γ.
We have IrrpFq " Γ Ê IrrpGq, which means precisely that if y P IrrpFq, then there exist unique γ P Γ and x P IrrpGq such that w y :" 
In other words, the decomposition of y j y 1 into direct sum of irreducible representations depends only on the corresponding decomposition of α γ 1´1 pxq j x 1 .
Remarks.
1. It's important to observe that Γ and p G are quantum subgroups of p F with canonical surjections given respectively by ρ p G :" ε Γ b id c0p p Gq and ρ Γ :" id c0pΓq b ε p G , where ε Γ denote de co-unit of Γ and ε p G the co-unit of p G.
In other words, we have the following canonical injections Let us describe this injections more precisely. The co-unit map ε G : P olpGq ÝÑ C extends to a (α-invariant) character on C m pGq, which we always denote by ε G : C m pGq ÝÑ C. Recall that C m pFq " Γα ,m C m pGq " C˚xπpaqu γ : a P C m pGq, γ P Γy. So, with the help of the α-invariant character above, we can identify CmpΓq with the subalgebra of C m pFq generated by tu γ : γ P Γu by universal property (see Remark 3.6 in [10] for more details). Likewise, recall that C r pFq " Γα ,r C r pGq " C˚xπpaqu γ : a P C r pGq, γ P Γy is equipped with a GNS-faithful conditional expectation E : Γ˙α ,r C r pGq ÝÑ C r pGq, which restricted to the subalgebra generated by tu γ : γ P Γu is just Epu γ q " δ γ,e P C. Remember as well that
C r pGq Ă L Cr pGq pl 2 pΓq b C r pGqq; so that this subalgebra is identified canonically to Cr pΓq " Γṫ r,r C by universal property (here tr denotes the trivial action).
Observe that, by construction, we have the following relations
where τ F : C m pFq ։ C r pFq, τ Γ : CmpΓq ։ Cr pΓq, τ G : C m pGq ։ C r pGq are the canonical surjections and ε F : P olpFq ÝÑ C, ε Γ : Γ ÝÑ C, ε G : P olpGq ÝÑ C are the co-unit of F, Γ and G, respectively whose extension to C m pFq, CmpΓq and C m pGq are still denoted by ε F , ε Γ and ε G , respectively.
2. Moreover, the representation theory of F yields that Γ and p G are divisible in p F. Namely, given an irreducible representation y :" pγ, xq P IrrpFq with γ P Γ and x P IrrpGq, then x " pe, xq, γ " pγ, ǫq P rys in " zIrrpFq. For all s P Γ we have that s j pe, xq " ps, ǫq j pe, xq " ps, xq P IrrpFq, which shows that Γ is divisible in p F. For all s P IrrpGq we have that pγ, ǫq j s " pγ, ǫq j pe, sq " pγ, sq, which shows that p G is divisible in p F.
As a result of the previous remark, if pA, δq is a left p F-C˚-algebra, then pA, δ p G q is a left p G-C˚-algebra with δ p G :" pρ p G b id A q˝δ and pA, δ Γ q is a left Γ-C˚-algebra with δ Γ :" pρ Γ b id A q˝δ. , for all a P A, all x P IrrpGq and all i, j " 1, . . . , dimpxq given by the preceding remark and fixing an element γ P Γ, we put r π γ paq :" π δ ppδ Γ q γ paqq, for all a P A and r
Routine computations show that the formula r π γ paq`r U γ˘x i,j 
Torsion phenomena
First of all, the description of the irreducible representations of F " Γα G allows us to give a natural decomposition of its fusion ring so that we can study the strong torsion-freeness of p F in terms of the strong torsion-freeness of Γ and p G. Namely, it's straightforward to see, using the relations of a crossed product, that
and only if Γ and p G are strong torsion-free.
Proof. If p F is strong torsion-free, then Γ and p G are strong torsion-free because they are divisible discrete quantum subgroups of p F as observed in Remarks 3.1 and we apply Remark 2.2.5.
Conversely, if Γ and p G are strong torsion-free, then they are in particular torsion-free. So, by Remark 2.2.2, Γ and p G can not contain finite discrete quantum subgroups. Hence, F uspΓq and F usp p Gq can not contain finite fusion subrings. Hence Theorem 2.2.6 assures that F uspΓq b F usp p Gq " F usp p Fq is torsion-free.
Although this result implies in particular the torsion-freeness of p F in the sense of Meyer-Nest (whenever Γ and p G are strong torsion-free), it's interesting to obtain the torsion-freeness in the sense of Meyer-Nest directly from the torsion-freeness in the sense of Meyer-Nest of Γ and p G. To do this, we use the theory of spectral subspaces recalled in Section 2.1. Proof. If p F is torsion-free, then Γ and p G are torsion-free because they are divisble discrete quantum subgroups of p F as observed in Remarks 3.1 and we apply Proposition 2.2.3.
Theorem. Let
Conversely, let A be a unital finite dimensional C˚-algebra equipped with a right torsion action of F, say δ : A ÝÑ A b CpFq.
Let's define Λ :" tγ P Γ | D x P IrrpGq such that K pγ,xq ‰ 0u, where K pγ,xq denotes the spectral subspace associated to the representation pγ, xq ": y P IrrpFq. We claim that Λ is a finite subgroup of Γ. Indeed, Λ is a subgroup of Γ because given g, h P Λ, let X g P K pg,xgq and X h P K ph,x h q be some non-zero elements for the corresponding irreducible representations x g , x h P IrrpGq. Put y g :" pg, x g q, y h :" ph, x h q P IrrpFq. By virtue of Lemma 2.1.2, there exist an irreducible representation z :" pγ, xq P IrrpFq and an intertwiner
Besides, the proof of Lemma 2.1.2 shows that z is an irreducible representation of the decomposition of y g j y h in direct sum of irreducible representations. Thanks to the fusion rules of a quantum semi-direct product we have that w yg j w
Next, consider the decomposition in direct sum of irreducible representations of the tensor product α h´1 px g q j x h , say tx k u k"1,...,r for some r P N. Hence we write w yg jy h "
As a result, the irreducible representation z " pγ, xq P IrrpFq found above must be of the form pgh, x k q for some k " 1, . . . , r. Recall that X g b Φ X h P K z by definition. This shows that gh " γ P Λ as required. Moreover, Λ is finite because A is finite dimensional.
Thanks to the torsion-freeness of Γ, Λ is just the trivial subgroup teu. Hence, for every y P IrrpFq, K y ‰ 0 implies y " pe, xq for some x P IrrpGq. Consequently, the spectral decomposition for A " A F becomes A " À xPIrrpGq A pe,xq " A G and the action δ takes its values on A b πpC m pGqq so that δ is actually an action of G on A. Since p G is torsion-free by assumption, we achieve the conclusion.
The Baum-Connes property
Let us adapt the notations from Section 2.3.7 for a quantum semi-direct product F " Γα G. In order to formulate the quantum Baum-Connes property we assume that p F is torsion-free, so we keep the preceding section in mind.
Consider the equivariant Kasparov categories associated to p F and Γ, say K K p F and K K Γ , respectively; with canonical suspension functors denoted by Σ. Consider the usual complementary pair of localizing subcategories in K K p F and K K Γ , say pL p F , N p F q and pL Γ , N Γ q, respectively. The canonical triangulated functors associated to these complementary pairs will be denoted by pL, N q and pL 1 , N 1 q, respectively. Next, consider the homological functors defining the quantum Baum-Connes assembly maps for p F and Γ. Namely,
Bq
The quantum assembly maps for p F and for Γ are given by the following natural transformations η 
Proof. i) In order to prove the isomorphism p Fδ Routine computations show that the triple pρ, V , Eq constructed in this way satisfies the appropriated universal property.
ii) First of all, using Corollary 2.3.2 and Proposition 2.3.6 it's straightforward to see that Z is triangulated and stable with respect to the canonical suspension functors of the corresponding Kasparov categories.
Let us show now the subcategories L are preserved. Since the functor Z is compatible with countable direct sums, it suffices to show that for every C˚-algebra C P Obj.pK K q we have
in K K G with trivial action, so it can be viewed as an object in K K . 
Remark. Consider the following functors:
Proof. Given an object X P Obj.pT q, consider the corresponding distinguished triangle with respect to the complementary pair pL T , N T q, say ΣpN pXqq ÝÑ LpXq u ÝÑ X ÝÑ N pXq. Consider the distinguished pL T 1 , N T 1 q-triangle associated to the object ZpXq P Obj.pT 1 q say
Let's fix the object ZpLpXqq ": T P Obj.pT 1 q and take the long exact sequence associated to the above triangle with respect to the object T . Namely, 
3.2.6
Remark. The argument of the preceding theorem can be applied when Γ has more finite subgroups than the trivial one. Indeed, we could do the argument with the quantum semi-direct products given by F Λ :" Λα | G for every finite subgroup Λ ă Γ. In that case, the claim "Ψ " F 1 pψq is an isomorphism", which is used in order to conclude using the commutative diagram (3.3), can be achieved by applying Theorem 9.3 in [18] . The problem with this case is that the finite subgroups of Γ provide torsion of p F by virtue of Theorem 3.1.2. Hence the theoretical framework for the quantum Baum-Connes property fails. It is reasonable to expect that the same stabilization property holds for any quantum semi-direct product (not necessarily torsion-free) once the Baum-Connes property can be formulated properly without the torsion-freeness assumption. Proof. i) Since Γ and p G are divisible quantum subgroups of p F, then they satisfy the strong Baum-Connes property whenever p F does (see Remark 2.4.6).
ii) If Γ satisfies the strong Baum-Connes property, then K K Γ " L Γ . Since Γ is torsion-free, L Γ is generated by the objects of the form c 0 pΓq b C with C P Obj.pK K q. Remark that such a C˚-algebra, c 0 pΓq b C, is equipped with the trivial action of G, so that Gṫ r.,r`c
In other words, the reduced crossed product functor sends the generators of L Γ to the generators of
This shows the claim because given pA, δq P Obj.pK K p F q, we have that
K-amenability property
To finish, we study an other property of own interest: the K-amenability. Namely, we get the following
Then F is co-K-amenable if and only if
Γ is K-amenable and G is co-K-amenable.
Proof. Assume that F is co-K-amenable. This means that there exists an element α F P KKpC r pFq, Cq such that rτ F s b
CrpFq α " rε F s P KKpC m pFq, Cq, where τ F : C m pFq ։ C r pFq is the canonical surjection and ε F : P olpFq ÝÑ C is the co-unit of F whose extension to C m pFq is still denoted by ε F .
By virtue of Remark 3.1 we know that Γ and p G are discrete quantum subgroups of p F via the canonical injections ι Conversely, assume that Γ is K-amenable and that G is co-K-amenable. By virtue of the K-amenability characterization of J. Cuntz (see Theorem 2.1 in [8] ), the surjection Γṁ A ։ Γṙ A induces a KK-equivalence for every Γ-C˚-algebra A. In particular, Γṁ C m pGq ։ Γṙ C m pGq induces a KK-equivalence. Since G is co-K-amenable, then the canonical surjection τ G : C m pGq ։ C r pGq, which is Γ-equivariant, induces a Γ-equivariant KK-equivalence. If j Γ denotes the descent homomorphism with respect to Γ, which is compatible with the Kasparov product, then it's clear that rid˙τ G s " j Γ prτ G sq P KKpΓṙ C m pGq, Γṙ C r pGqq is an invertible element. In other words, the composition Γṁ C m pGq ։ Γṙ C m pGq id˙τ G Ñ Γṙ C r pGqq, which is precisely τ F , induces a KK-equivalence. Hence F is co-K-amenable.
Compact Bicrossed Product
In this section we observe that all preceding results can be established for a compact bricrossed product in the sense of [10] . Let G be a (classical) compact group and Γ be a discrete group so that pΓ, Gq is a matched pair (see [2] or [10] for a precise definition). Then there exists a continuous left action of Γ on the topological space G, α : ΓˆG ÝÑ G, and a continuous right action of G on the topological space Γ, β : GˆΓ ÝÑ Γ. Both actions α and β are related in the following way: for every γ P Γ and every g P G, we have γg " α γ pgqβ g pγq. In particular, if e P Γ denotes the identity element of Γ, then β g peq " e, for all g P G. Hence #res " 1, where res P Γ{G is the corresponding class in the quotient space. Observe that α e " id G and β e " id Γ , where e denotes either the identity element in Γ or in G, respectively. Notice that, since β is continuous and G is compact, then every orbit rγs in Γ{G with γ P Γ is finite.
For every class rγs P Γ{G, we define the following clopen subsets of G (see [10] for more details) A r,s :" tg P G : β g prq " su, for every r, s P rγs. Consider as well its characteristic function, say 1 Ar,s ": 1 r,s , for all r, s P rγs. We can show that´1 r,s¯r ,sPrγs P M #rγs pCq b CpGq is a magic unitary and a unitary representation of G (see [10] for more details).
In this situation, we can construct the compact bicrossed product of the matched pair pΓ, Gq and it is denoted by F " Γ α ' β G, where CpFq " Γ˙α ,m CpGq (see [10] for more details). By definition of the crossed product by a discrete group we have a unital faithful˚-homomorphism π : CpGq ÝÑ CpFq and a group homomorphism u : Γ ÝÑ UpCpFqq defined by u γ :" λ γ bid CpGq , for all γ P Γ such that CpFq " Γ˙α ,m CpGq " C˚ă πpf qu γ : f P CpGq, γ P Γ ą. The co-multiplication Θ of F is such that Θ˝π " pπ b πq˝∆ G and Θpu γ q " ř rPrγs u γ αp½ γ,r q b u r for all γ P Γ.
Fima-Mukherjee-Patri's construction allows also to give a concrete description of the representation theory of such a F. We have IrrpFq " Γ{G Ê IrrpGq, which means precisely that if y P IrrpFq, then there exist unique rγs P Γ{G and x P IrrpGq such that w y :" w prγs,xq " v 4.1 Remarks. 1. As in Remarks 3.1 we observe thatĜ is a quantum subgroup ofF with canonical surjection given by ρĜ :" ε Γ b id Cr pGq , where ε Γ is the co-unit of Γ. As a result, if pA, δq is anyF-C˚-algebra, then pA, δĜq is aĜ-C˚-algebra with δĜ " pρĜ b id A q˝δ. Notice that Γ is not in general a quantum subgroup of p F. Indeed, the canonical injection ι m Γ : CmpΓq ãÑ C m pFq does not intertwine the corresponding co-multiplications.
2. As in Remarks 3.1, it is straightforward to show that p G is divisible in p F.
In order to establish the analogous results from Section 3 for a compact bicrossed product, we do the following crucial observation.
Proposition.
Let F " Γ α ' β G be a compact bicrossed product of the matched pair pΓ, Gq. If p F is torsion-free, then the action β is trivial. Consequently, F " Γα G is a quantum semi-direct product with
Proof. Since p F is torsion-free by assumption and p G ă p F is a divisible discrete quantum subgroup as explained in Remarks 4.1, then p G is also torsion-free by Proposition 2.2.3.
Given any γ P Γ, consider the transitive action of G on the class rγs induced by β. It yields an ergodic action of G on Cprγsq. Since p G is torsion-free, then Cprγsq is a simple C˚-algebra, which implies #rγs " 1, that is, rγs " tγu. Since this is true for every γ P Γ, we conclude that β is the trivial action.
As we have pointed out several times, the torsion-freeness assumption is needed whenever we work with the (current) quantum Baum-Connes property for discrete quantum groups. So, this hypothesis forces the compact bicrossed product case to became a quantum semi-direct product. Therefore, Theorem 3.2.5 and Theorem 3.2.7 still hold. In this sense, the torsion case is the interesting one. The analogous strategy used in Section 3.2 could be applied for a compact bicrossed product. It is reasonable to expect that the same stabilization property holds for any compact bicrossed product (not necessarily torsion-free) once the Baum-Connes property can be formulated without the torsion-freeness assumption.
The K-amenability property can be established independently of this assumption. Notice here that G is automatically amenable (so K-amenable) because it is a classical compact group.
Proof. Assume that F is co-K-amenable. This means that the canonical surjection τ F : C m pFq ։ C r pFq induces a KK-equivalence, that is, the corresponding Kasparov triple rτ F s P KKpC m pFq, C r pFqq is invertible. Let X P KKpC r pFq, C m pFqq be its inverse, so that we have rτ F s b Recall that C m pFq " Γ˙α ,m CpGq " C˚xπpf qu γ : f P CpGq, γ P Γy. So, with the help of the α-invariant character above, we identify CmpΓq with the subalgebra of C m pFq generated by tu γ : γ P Γu by universal property (see Remark 3.6 in [10] for more details). Hence, we consider the canonical injection ι m : CmpΓq ãÑ C m pFq, which is such that ε m Γ˝ι m " id CmpΓq . Likewise, recall that C r pFq " Γ˙α ,r CpGq " C˚xπpf qu γ : f P CpGq, γ P Γy is equipped with a conditional expectation E : Γ˙α ,r CpGq ÝÑ CpGq, which restricted to the subalgebra generated by tu γ : γ P Γu is just Epu γ q " δ γ,e P C. Remember as well that u γ " λ γ b id CpGq in Γ˙α ,r CpGq Ă L CpGq pl 2 pΓq b CpGqq. Hence this subalgebra is identified canonically to Cr pΓq " Γ˙t r.,r C by universal property. Hence, we consider the canonical injection ι r : Cr pΓq ãÑ C r pFq, which is such that ε 
Quantum Direct Product
Let G " pCpGq, ∆ G q and H " pCpHq, ∆ H q be two compact quantum groups. We construct the quantum direct product of G and H and it is denoted by F :" GˆH, where CpFq " C m pGq b max. C m pHq (see [30] for more details). The co-multiplication Θ of F is such that Θpa b bq " ∆ G paq p1q b ∆ H pbq p1q b ∆ G paq p2q b ∆ H pbq p2q , for all a P C m pGq and all b P C m pHq.
, which means precisely that if y P IrrpFq, then there exist unique x P IrrpGq and z P IrrpHq such that w y :" w px,zq " " w As a result, we obtain the following decomposition c 0 p p Fq -c 0 pΓq b c 0 p p Gq.
r H : C r pHq ãÑ C r pFq intertwine the corresponding co-multiplications by construction.
2. Moreover, the representation theory of F yields that p G and p H are divisible in p F. Namely, given an irreducible representation y :" px, zq P IrrpFq with x P IrrpGq and z P IrrpHq, then x " px, ǫq, z " pǫ, zq P rys in " zIrrpFq. For all s P IrrpGq we have that s j pǫ, zq " ps, ǫq j pǫ, zq " ps, zq P IrrpFq, which shows that p G is divisible in p F. For all s P IrrpHq we have that px, ǫq j s " px, ǫq j pǫ, sq " px, sq, which shows that p H is divisible in p F.
Torsion phenomena
As in the quantum semi-direct product case, the description of the irreducible representations of F :" GˆH allows us to obtain the following decomposition of its fusion ring: F usp p Fq " F usp p Gq b F usp p Hq. Hence, the same argument as in Proposition 3.1.1 (notice that p G and p H are divisible in p F as explained in Remarks 5.1) yields the following result.
Proposition. Let F :" GˆH be the quantum direct product of G and H. p F is strong torsion-free if and only if p
G and p H are strong torsion-free.
Again we can study directly the torsion-freeness in the sense of Meyer-Nest using the spectral subspaces theory. Conversely, let A be a unital finite dimensional C˚-algebra equipped with a left torsion action of F, say δ : A ÝÑ A b CpFq.
Theorem.
Let's define the following subset of irreducible representations of G S :" tx P IrrpGq | Dz P IrrpHq such that K px,zq ‰ 0u, where K px,zq denotes the spectral subspace associated to the representation px, zq ": y P IrrpFq. Consider the full subcategory of ReppGq generated by S, which is denoted by C :" xSy. Namely, we have C " Ş CĂReppGq, f ull SĂIrrpCq C.
Notice that ǫ G P S because K pǫ G ,ǫ H q " K ǫ F " A δ -C ‰ 0 (recall that our action δ is supposed to be ergodic). If x P S and z P IrrpHq is such that K px,zq ‰ 0, put y :" px, zq P IrrpFq and consider a non-zero element Y P K y . By definition of spectral conjugate, the element Y # P K y is non-zero. Moreover, by virtue of the representation theory of a quantum direct product, we know that y " px, zq. Hence, we obtain that x P S. In other words, S " S.
Next, if x, x
1 P S and z, z 1 P IrrpHq are such that K px,zq ‰ 0 and K px 1 ,z 1 q ‰ 0, put y :" px, zq, y 1 :" px 1 , z 1 q P IrrpFq and consider non-zero elements Y P K y , Y 1 P K y 1 . Consider the decomposition into direct sum of irreducible representations of the tensor products xjx 1 and z jz 1 , say tx k u k"1,...,r and tz l u l"1,...,s , respectively for some r, s P N. We shall show that for every k " 1, . . . , r, there exists z l k P IrrpHq with l k P t1, . . . , su such that K px k ,z l k q ‰ 0. In other words, it's licit to consider the following functor: property with coefficients in C.
Note.
In order to obtain a more optimal result concerning the Baum-Connes property for a quantum direct product, we would have to carry out a detailed study about the Künneth formula in the quantum setting (following [7] ). In particular, we would like to find sufficient conditions to a crossed product to belong to the class N .
K-amenablity property
As in the quantum semi-direct product case, we study the K-amenability of p F in terms of the K-amenability of p G and p H. Namely, we get the following τ G : C m pGq ։ C r pGq, τ H : C m pHq ։ C r pHq are the canonical surjections and ε G : P olpGq ÝÑ C, ε H : P olpHq ÝÑ C are the co-units of G and H, respectively whose extensions to C m pGq and C m pHq are still denoted by ε G and ε H , respectively. By using the canonical injections ι r G : C r pGq ãÑ C r pFq and ι r H : C r pHq ãÑ C r pFq, we observe that τ F " τ GˆτH by universal property of the maximal tensor product. We have as well that ε F " ε GˆεH . If
